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We obtain the von Ka´rma´n-Howarth relation for the stochastically forced three-dimensional Hall-
Vinen-Bekharvich-Khalatnikov (3D HVBK) model of superfluid turbulence in Helium (4He) by using
the generating-functional approach. We combine direct numerical simulations (DNSs) and analyit-
cal studies to show that, in the statistically steady state of homogeneous and isotropic superfluid
turbulence, in the 3D HVBK model, the probability distribution function (PDF) P (γ), of the ratio
γ of the magnitude of the normal fluid velocity and superfluid velocity, has power-law tails that
scale as P (γ) ∼ γ3, for γ  1, and P (γ) ∼ γ−3, for γ  1. Furthermore, we show that the PDF
P (θ), of the angle θ between the normal-fluid velocity and superfluid velocity exhibits the following
power-law behaviors: P (θ) ∼ θ for θ  θ∗ and P (θ) ∼ θ−4 for θ∗  θ  1, where θ∗ is a crossover
angle that we estimate. From our DNSs we obtain energy, energy-flux, and mutual-friction-transfer
spectra, and the longitudinal-structure-function exponents for the normal fluid and the superfluid,
as a function of the temperature T , by using the experimentally determined mutual-friction coeffi-
cients for superfluid Helium 4He, so our results are of direct relevance to superfluid turbulence in
this system.
I. INTRODUCTION
Over the past three decades, there has been consid-
erable progress in the characterization of the statistical
properties of turbulent fluids by combining methods from
nonequilibrium statistical mechanics and fluid dynam-
ics [1–4]. By comparison, the study of the statistical
properties of turbulent superfluids is in its infancy; but
this field has experienced a renaissance because of ad-
vances in experiments [5–13], and developments in the-
oretical and numerical investigations [14–18]. The most
common experimental system is liquid Helium 4He in its
superfluid state, for temperature T ≤ Tλ, the superfluid
transition temperature; in addition, turbulence in super-
fluid 3He and Bose-Einstein condensates (BECs) is also
being explored [19–22].
The following models have been employed to study su-
perfluid turbulence: (A) At the kinetic-theory level there
is the model of Zaremba, Nikuni, and Griffin [23]. (B)
For weakly interacting Bose superfluids, we can use a
Gross-Pitaevskii description, which is applicable down
to length scales that are comparable to the core size of
a quantum vortex [24–26]. (C) Vortex-filament models,
which are useful at length scales of the order of the typi-
cal separation between quantum vortices [27–29]. (D) the
Hall-Vinen-Bekharevich-Khalatnikov (HVBK) two-fluid
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model, with interpenetrating superfluid (s) and normal-
fluid (n) components, which generalizes the two-fluid
models of Landau and Tisza [30, 31], by including a
mutual-friction term; the HVBK model provides a good
starting point for the study of superfluid turbulence at
length scales larger than several inter-vortex-separation
lengths [32, 33] and if there is a high density of quantum
vortices that align in some regions to yield a classical vor-
ticity field; measurements on liquid 4He have been used
to determine the temperature dependence of the mutual-
friction coefficients [5]. (E) Wave-turbulence models of
superfluid turbulence [34–36] have been used, inter alia,
to study Kelvin waves in a turbulent superfluid.
The HVBK description of superfluid turbulence has
been successful in obtaining energy spectra in statisti-
cally steady superfluid turbulence, in both three dimen-
sions (3D) and two dimensions (2D), and in examin-
ing the mutual-friction-induced alignment of superfluid
and normal-fluid velocities [17, 37, 38]. The multiscal-
ing of velocity structure functions and other measures
of intermittency are now being examined both experi-
mentally [13, 39, 40], numerically, and theoretically [41–
43]. Most theoretical and numerical work on such mul-
tiscaling has been restricted to HVBK-shell-model stud-
ies. Furthermore, a precise generalization of the von-
Ka´rma´n-Howarth relations, which have been obtained for
classical-fluid and magnetohydodynamics (MHD) turbu-
lence [44–46], does not seem to be available for superfluid
turbulence, to the best of our knowledge; but a recent
study has begun to address this issue [43].
We obtain the generalized von Ka´rma´n-Howarth re-
lation for the stochastically forced 3D HVBK model of
superfluid turbulence by using the generating-functional
approach that has been developed in Refs. [44–46]. By
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2carrying out direct numerical simulations (DNSs) of the
3D HVBK equations, we show that, in the statistically
steady state of homogeneous and isotropic superfluid
turbulence, the probability distribution function (PDF)
P (γ) of the ratio γ of the magnitudes of normal-fluid
and superfluid velocities, has power-law tails that scale
as P (γ) ∼ γ3, for γ  1, and P (γ) ∼ γ−3, for γ  1;
we show, analytically, how these scaling behaviors can
be understood. Furthermore, we show that the PDF
P (θ), of the angle θ between the normal-fluid and su-
perfluid velocities, behaves as P (θ) ∼ θ, for θ  θ∗, and
P (θ) ∼ θ−4, for θ∗  θ  1 (with θ∗ a crossover angle
that we define below). We also calculate the longitudinal-
velocity structure-function exponents for both normal
and superfluid components, as a function of the tem-
perature, to explore the multiscaling of such structure
functions in 3D HVBK superfluid turbulence. The pa-
rameters for our DNS runs (Table I) are taken from the
measurements of Ref. [47] on superfluid 4He; therefore,
our results are of direct relevance to superfluid turbulence
in this system.
The remainder of this paper is organized as follows.
Section II defines the simplified version of the HVBK
model and the numerical method that we use to study
superfluid turbulence in this model. Section III comprises
two subsections; the first contains our analytical results
for the analog of the von-Ka´rma´n-Howarth relation for
HVBK superfluid turbulence; the second subsection is
devoted to our numerical results for the multiscaling of
HVBK structure functions and other statistical proper-
ties of HVBK turbulence. Section IV contains a discus-
sion of our results. Some of the details of our calculations
are given in the Appendix.
II. MODEL AND NUMERICAL SIMULATIONS
We use the simplified form of the HVBK equations [33],
which comprise the incompressible Navier-Stokes (for the
normal fluid) and Euler (for the superfluid) equations
coupled via the mutual-friction term. In addition to the
kinematic viscosity νn of the normal fluid, we include Vi-
nen’s effective viscosity [48] νs in the superfluid compo-
nent to mimic the dissipation because of (a) vortex recon-
nections and (b) interactions between superfluid vortices
and the normal fluid [49]; νs  νn. These equations are:
∂tun+(un·∇)un = − 1
ρn
∇pn+νn∇2un+ρs
ρ
fmf+f
n
u ; (1a)
∇ · un = 0; (1b)
∂tus+(us ·∇)us = − 1
ρs
∇ps+νs∇2us− ρn
ρ
fmf+ f
s
u; (1c)
∇ · us = 0; (1d)
here, un(us), ρn(ρs), pn(ps), and f
n
u (f
s
u) are, respectively,
the velocity, density, pressure, and external-forcing term
for the normal fluid (superfluid). The mutual-friction
term
fmf =
B
2
ω̂s × (ωs × (un − us)) + B
′
2
ωs × (un − us) (2)
leads to energy transfer between the normal and super-
fluid components [50, 51]; uns = un − us is the slip ve-
locity, ωs = ∇×us is the superfluid vorticity, and B and
B′ are the mutual-friction coefficients.
We perform extensive DNSs of the HVBK equa-
tions (1a-1d) by using the pseudospectral method, with
periodic boundary conditions, in a cubical box of length
2pi, along each direction, and N3c collocation points; we
use the 2/3 de-aliasing rule [52] and a constant-energy-
injection scheme for forcing [53, 54], in which we force
the Fourier modes in the first two Fourier-space shells
for the superfluid, at low temperatures, and the normal
fluid, at high temperatures. We use the second-order
Adams-Bashforth scheme for time marching [54]. The
parameters for the various runs we perform are listed in
Table I.
III. RESULTS
We begin (Sec. III A) with our results for the structure-
function hierarchy for 3D HVBK turbulence that is sta-
tistically steady, homogeneous, and isotropic. In particu-
lar, we obtain the hierarchy of equations for the structure
functions that are statistically steady-state values of inte-
ger powers and products of ∆uα‖ = [uα(x+r)−uα(x)].rˆ
and ∆uα⊥ = [uα(x + r) − uα(x)] × rˆ (α can be n (nor-
mal) or s (superfluid)), which are, respectively, veloc-
ity increments along r or perpendicular to it. We ob-
tain explicit expressions for third-order structure func-
tions. In Sec. III B, we present results from our DNSs
of the 3D HVBK equations for the PDFs P (γ) and
P (θ) and the longitudinal-velocity structure-function ex-
ponents for both normal and superfluid components, as
a function of temperature; we then explore their multi-
scaling properties.
A. Structure-Function Hierarchy
We now obtain the structure-function hierarchy for
normal-fluid and superfluid velocities by using Eqs. (1a)
- (1d) and the external forces fnu and f
s
u, which are zero-
mean, Gaussian random variables with the covariances
〈fnui(x, t)fnuj(x′, t′)〉 = δ(t− t′)Knij(x− x′),
〈f sui(x, t)f suj(x′, t′)〉 = δ(t− t′)Ksij(x− x′), (3)
where both Knij and K
s
ij are even functions of (x − x′),
and the Cartesian indices i, j = 1, 2, 3. We define the
two-point generating functionals Z for un(x1, t1) and
3us(x1, t1), un(x2, t2) and us(x2, t2), to calculate the hier-
archy of relations for equal-time structure function in the
nonequilibrium, statistically steady state of the stochas-
tically forced 3D HVBK equations.
The two-point generating functional Z is
Z(λ1n,λ2n,λ1s,λ2s,x1,x2, t1, t2) = 〈exp[λ1n · un(x1) + λ2n · un(x2) + λ1s · us(x1) + λ2s · us(x2)]〉 = 〈ZnZs〉
=
∫ ∫
dx1ndx2ndx1sdx2sP (un(x1),us(x1), t1;un(x2),us(x2), t2)ZnZs,
(4)
where λ1n,λ2n,λ1s, and λ2s are the variables conjugate to un(x1),un(x2),us(x1), and us(x1), respectively, Zn =
exp[λ1n · un(x1) + λ2n · un(x2)], Zs = exp[λ1s · us(x1) + λ2s · us(x2)], and P (un(x1),us(x1), t1;un(x2),us(x2), t2) is
the joint probability distribution function (JPDF) of un and us. We set t1 = t2 = t, which suffices for calculating the
equal-time structure functions we consider. By taking the time derivative of Eq. (4), we get the master equations for
the normal fluid and superfluid:
∂tZ
∣∣
λ1s=λ2s=0
=
〈[
λ1n · ∂tun(x1) + λ2n · ∂tun(x2) + λ1s · ∂tus(x1) + λ2s · ∂tus(x2)
]
ZnZs
〉∣∣
λ1s=λ2s=0
; (5)
∂tZ
∣∣
λ1n=λ2n=0
=
〈[
λ1n · ∂tun(x1) + λ2n · ∂tun(x2) + λ1s · ∂tus(x1) + λ2s · ∂tus(x2)
]
ZnZs
〉∣∣
λ1n=λ2n=0
; (6)
by substituting Eqs. (1a - 3) in Eq. (5) and Eq. (6) we get, in the statistically steady state,〈[
∂2Zn
∂ri∂λ1ni
]〉
+
〈[
∂2Zn
∂ri∂λ2ni
]〉
+
ρs
ρ
〈[
λ1n · fmf(x1) + λ2n · fmf(x2)
]
Zn
〉
= Inp + I
n
f +Dn, (7)
〈[
∂2Zs
∂ri∂λ1si
]〉
+
〈[
∂2Zs
∂ri∂λ2si
]〉
− ρn
ρ
〈[
λ1s · fmf(x1) + λ2s · fmf(x2)
]
Zs
〉
= Isp + I
s
f +Ds, (8)
where ri (i = 1, 2, 3) are the Cartesian components of the relative vector r = (x1 − x2), with r = |r| and rˆ = r/r,
and Inp (I
s
p), I
n
f (I
s
f ), and Dn(Ds), which arise, respectively, from the pressure, forcing, and dissipation terms from the
normal fluid (superfluid), are defined as follows:
Inp = −
〈[
λ1n · 1
ρn
∇pn(x1) + λ2n · 1
ρn
∇pn(x2)
]
Zn
〉
;
Isp = −
〈[
λ1s · 1
ρs
∇ps(x1) + λ2s · 1
ρs
∇ps(x2)
]
Zs
〉
;
Inf =
〈[
λ1n · fnu (x1) + λ2n · fnu (x2) +
]
Zn
〉
;
Isf =
〈[
λ1s · fnu (x1) + λ2s · fnu (x2) +
]
Zs
〉
;
Dn =
〈[
νn
(
λ1n · ∇2un(x1) + λ2n · ∇2un(x2)
)]
Zn
〉
;
Ds =
〈[
νs
(
λ1s · ∇2us(x1) + λ2s · ∇2us(x2)
)]
Zs
〉
. (9)
It is useful to define x, the center-of-mass coordinate; clearly x1 = x+
r
2 and x2 = x− r2 . Equations (7) and (8) are
invariant under the Galilean transformation r′ = r− u0t, t′ = t, and u′α = uα + u0; here, α stands for n and s, with
u0 a constant velocity. If we impose the homogeneity condition
∂Z
∂x = 0, we find that Z depends only on r.
For simplicity, we consider λ1n antiparallel to λ2n, i.e., λ1n = −λ2n ≡ λn and λ1s antiparallel to λ2s, i.e.,
λ1s = −λ2s ≡ λs. (For a discussion of this choice, see footnote [47] of Ref. [46] for the formally related problem
of MHD turbulence.) We get the generalized structure function 〈(∆umni)(∆unsi)〉 by taking the order m derivative
of Z with respect to the Cartesian component λni and the order n derivative of Z with respect to the Cartesian
component λsi. In the case of homogeneous and isotropic 3D HVBK superfluid turbulence, Zn depends on ηn1 = r,
ηn2 = λn · rˆn = λn cos θn, and ηn3 = λn sin θn and Zs depends on ηs1 = r, ηs2 = λs · rˆs = λs cos θs and ηs3 = λs sin θs.
In terms of these variables the generating functionals can be written as follows:
Zn = exp[ηn2∆un‖ + ηn3∆un⊥]; Zs = exp[ηs2∆us‖ + ηs3∆us⊥]; (10)
here, ∆uα‖ = [uα(x+ r)− α(x)].rˆ and ∆uα⊥ = [uα(x+ r)− uα(x)]× rˆ (α can be n (normal) or s (superfluid)) are,
respectively, velocity increments along r or perpendicular to it; similar increments can be defined for the forcing and
4mutual-friction terms. By using the variables r, ηn2, ηn3, ηs2 and ηs3 in Eqs. (7) and (8), in the statistically steady
state, we get:〈[
∂r∂ηn2 +
2
r
∂ηn2 −
1
r
ηn2
ηn3
∂ηn3 +
ηn3
r
∂ηn2∂ηn3 −
ηn2
r
∂2η2n3
]
Zn
〉
+
ρs
ρ
〈[
ηn2∆fmf‖ + ηn3∆fmf⊥
]
Zn
〉
= Inp + I
n
f +Dn;
(11)
〈[
∂r∂ηs2 +
2
r
∂ηs2 −
1
r
ηs2
ηs3
∂ηs3 +
ηs3
r
∂ηs2∂ηs3 −
ηs2
r
∂2η2s3
]
Zs
〉
− ρn
ρ
〈[
ηs2∆fmf‖ + ηs3∆fmf⊥
]
Zs
〉
= Isp + I
s
f +Ds. (12)
If we multiply Eq.(11) by ηn3 and Eq.(12) by ηs3, and we substitute Eq.(10) in Eqs.(11-12), we obtain, after some
simplification:〈
ηn3
[
∂∆un‖
∂r
+ ∆un‖
(
ηn2
∂∆un‖
∂r
+ ηn3
∂∆un⊥
∂r
)
+
2
r
∆un‖ −
1
r
ηn2
ηn3
∆un⊥ +
ηn3
r
∆un‖∆un⊥ −
ηn2
r
(∆un⊥)
2
]
Zn
〉
+
ρs
ρ
〈
ηn3
[
ηn2∆fmf‖ + ηn3∆fmf⊥
]
Zn
〉
= ηn3
(
Inp + I
n
f +Dn
)
; (13)
〈
ηs3
[
∂∆us‖
∂r
+ ∆us‖
(
ηs2
∂∆us‖
∂r
+ ηs3
∂∆us⊥
∂r
)
+
2
r
∆us‖ −
1
r
ηs2
ηs3
∆us⊥ +
ηs3
r
∆us‖∆us⊥ −
ηs2
r
(∆us⊥)
2
]
Zs
〉
− ρn
ρ
〈
ηs3
[
ηs2∆fmf‖ + ηs3∆fmf⊥
]
Zs
〉
= ηs3
(
Isp + I
s
f +Ds
)
. (14)
The pressure contributions, Inp and I
s
p, vanish, as in the case of homogeneous, isotropic fluid turbulence [45], if we
consider only third-order structure functions. This follows from the symmetries of the velocity and pressure fields
under spatial inversion (Appendix).
The forcing contributions, Inf and I
s
f , can also be neglected in the inertial range of scales in 3D HVBK superfluid
turbulence (see below); these can be written as follows:
Inf =
〈[
λn · fnu (x1)− λn · fnu (x2)
]
Zn
〉
≡
〈[
ηn2∆f
n
u‖ + ηn3∆f
n
u⊥
]
Zn
〉
; (15)
Isf =
〈[
λs · f su(x1)− λs · f su(x2)
]
Zs
〉
≡
〈[
ηs2∆f
s
u‖ + ηs3∆f
s
u⊥
]
Zs
〉
. (16)
If we now use the Furutsu-Novikov-Donsker formula [55, 56] we get, after some simplification:
Inf =
〈[
η2n2
(
Kn‖‖(0)−Kn‖‖(r)
)
+ 2ηn2ηn3
(
Kn‖⊥(0)−Kn‖⊥(r)
)
+ η2n3
(
Kn⊥⊥(0)−Kn⊥⊥(r)
)]
Zn
〉
; (17)
Isf =
〈[
η2s2
(
Ks‖‖(0)−Ks‖‖(r)
)
+ 2ηs2ηs3
(
Ks‖⊥(0)−Ks‖⊥(r)
)
+ η2s3
(
Ks⊥⊥(0)−Ks⊥⊥(r)
)]
Zs
〉
. (18)
These terms contribute to the relations between third-order structure functions only at O((r/rf)2), where rf is the
forcing length scale, so we can neglect them in the inertial range, for r  rf , in the case of 3D HVBK superfluid
turbulence (see the discussion below Eq. (7) in Ref. [45] for the case of classical-fluid turbulence in 3D).
The dissipation terms are:
Dn = νn
〈[
λn · ∇2x1un(x1)− λn · ∇2x2un(x2)
]
Zn
〉
; Ds = νs
〈[
λs · ∇2x1us(x1)− λs · ∇2x2us(x2)
]
Zs
〉
. (19)
If we take the limit of large Reynolds number, i.e., νn → 0 and νs → 0, define n‖(x1) + n‖(x2) = n‖ , n⊥(x1) +
n⊥(x2) = n⊥ , s‖(x1) + s‖(x2) = s‖ , and s⊥(x1) + s⊥(x2) = s⊥ we can simplify Eq. (19) (see the Appendix for
details) to get:
−Dn =
〈[
η2n2n‖ + η
2
n3n⊥
]
Zn
〉
+ 2
〈
ηn2ηn3
[(
n‖(x1)n⊥(x1)
) 1
2
+
(
n‖(x2)n⊥(x2)
) 1
2
]
Zn
〉
; (20)
5−Ds =
〈[
η2s2s‖ + η
2
s3s⊥
]
Zs
〉
+ 2
〈
ηs2ηs3
[(
s‖(x1)s⊥(x1)
) 1
2
+
(
s‖(x2)s⊥(x2)
) 1
2
]
Zs
〉
. (21)
If we take the derivative ∂2ηn2∂ηn3 of Eq. (13) and the limits ηn2, ηn3 → 0, we get
∂〈(∆un‖)3〉
∂r
+
2
r
〈(∆un‖)3〉 −
4
r
〈∆un‖(∆un⊥)2〉+ 2
ρs
ρ
〈∆fmf‖∆un‖〉 = −2〈n‖〉; (22)
the derivative ∂3ηn3 of Eq. (13) yields, in the limits ηn2, ηn3 → 0,
∂〈∆un‖(∆un⊥)2〉
∂r
+
4
r
〈∆un‖(∆un⊥)2〉+ 2
ρs
ρ
〈∆fmf⊥∆un⊥〉 = −2〈n⊥〉. (23)
From the derivative ∂2ηs2∂ηs3 of Eq. (14), we obtain, in the limits ηs2, ηs3 → 0,
∂〈(∆us‖)3〉
∂r
+
2
r
〈(∆us‖)3〉 −
4
r
〈∆us‖(∆us⊥)2〉 − 2
ρn
ρ
〈∆fmf‖∆us‖〉 = −2〈s‖〉; (24)
similarly, the derivative ∂3ηs3 of Eq. (14) gives, in the limits ηs2, ηs3 → 0,
∂〈∆us‖(∆us⊥)2〉
∂r
+
4
r
〈∆us‖(∆us⊥)2〉 − 2
ρn
ρ
〈∆fmf⊥∆us⊥〉 = −2〈s⊥〉. (25)
Equations (22)-(25) are the (3D HVBK, statistically homogeneous, isotropic superfluid turbulence) analogs of the
von Ka´rma´n-Howarth relation for statistically homogeneous and isotropic fluid turbulence. If we make the simplifying
assumption (as in Ref. [43]) that the mutual friction is not significant in the inertial range of scales, then we find the
usual von Ka´rma´n-Howarth relation, as in conventional classical-fluid turbulence. However, numerical simulations
(see the next subsection III B for our results, Eqs. (11d)-(11f) and Figs. 3(d)-3(f) in Ref. [43], and, for 2D HVBK
turbulence, Fig. 3 (f) of Ref. [17]) indicate that the mutual-friction contribution is non-negligible in the inertial range
of scales. Therefore, we must retain it in the structure-function hierarchy as we have done in Eqs. (22)-(25). Note
that, if there is complete alignment of the normal and superfluid velocities in the statistically steady state, then the
mutual-friction term can be neglected; however, as we show in subsection III B, this alignment is imperfect.
We note, in passing, that we can also develop a structure-function hierarchy for the case of statistically steady,
homogeneous, isotropic 2D HVBK superfluid turbulence [17, 57] by using the generating-functional methods we have
outlined above for 3D HVBK superfluid turbulence. In this 2D case, we must distinguish between forward- and
inverse-cascade regimes [17, 57]; in the former, there is a forward cascade of enstrophy, from the forcing length scale
to smaller length scales; in the latter, there is an inverse cascade of energy towards large length scales. If we recall
that there is no dissipative anomaly in the forward-cascade regime in 2D turbulence [57], we see immediately that
we obtain Eqs. (22)-(25) with the dissipation terms on the right-hand side set to zero. In the inverse-cascade regime,
the forcing contribution does not vanish, but it is of O(1), because r  rf . Therefore, in the inverse-cascade regime,
the right-hand sides (RHSs) of Eqs. (22)-(25) do not have dissipation terms (like −2〈n‖〉); instead, the RHSs of
Eqs. (22)-(25) are [Knij(0) − Knij(r)] and [Ksij(0) − Ksij(r)], where the argument 0 indicates zero spatial separation
in the force covariances (3). For r/rf  1 (of relevance to the inverse-cascade regime), Knij(r),Ksij(r) → 0, so we
only have Knij(0) or K
s
ij(0) on the RHSs of Eqs. (22)-(25); these are positive constants, clear signatures of an inverse
cascade.
B. Numerical Results
We have noted above that, if the normal-fluid and
superfluid velocities are completely aligned, the mutual-
friction terms do not appear in Eqs. (22)-(25). It is im-
portant, therefore, to characterize the degree of align-
ment between these velocities. We follow the 2D-HVBK
turbulence study of Ref. [17], define the ratio of the mag-
nitudes of normal-fluid and superfluid velocities γ = unus ,
and then we obtain the probability distribution function
(PDF) P (γ) or the cumulative probability distribution
function (CPDF) Q(γ). We also obtain the PDF P (θ),
where θ = cos−1(un·usunus ) is the angle between un and us.
We first present data from our DNS studies of 3D
HVBK superfluid turbulence, for the runs R1−R8 (pa-
rameters in Table I). In Figs. 1 (a) and (b) we give log-
log plots of the CPDF Q(γ) versus γ for (a) γ  1
and (b) γ  1, respectively. These plots show the fol-
lowing power-law tails (extending for about a decade
given the resolution of our study) that are consistent
with Q(γ) ∼ γ3, (P (γ) ∼ γ2), for γ  1 and Q(γ) ∼
γ−3, (P (γ) ∼ γ−4) for γ  1. Similar results for 2D-
6Run Nc T ρn/ρ B B
′ νn νs dt fn fs λn λs Renλ Re
s
λ T
n
eddy T
s
eddy kmaxηn kmaxηs
R1 512 1.30 0.045 1.526 0.616 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.076 0.044 30 183 1.22 1.15 1.79 0.43
R2 512 1.50 0.111 1.296 0.317 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.086 0.050 33 204 1.31 1.22 1.92 0.46
R3 512 1.70 0.229 1.10 0.107 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.096 0.059 34 225 1.36 1.22 2.09 0.51
R4 512 1.80 0.313 1.024 0.052 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.102 0.064 34 236 1.30 1.21 2.23 0.55
R5 512 1.85 0.364 0.996 0.041 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.107 0.069 36 250 1.38 1.28 2.33 0.57
R6 512 1.90 0.420 0.98 0.04 1× 10−3 1× 10−4 9× 10−4 0.00 0.03 0.114 0.075 37 265 1.53 1.40 2.43 0.60
R7 512 2.10 0.741 1.298 −0.065 1× 10−3 1× 10−4 9× 10−4 0.04 0.00 0.121 0.083 49 332 1.24 1.17 2.23 0.59
R8 512 2.17 0.95 3.154 −1.272 1× 10−3 1× 10−4 9× 10−4 0.04 0.00 0.121 0.095 53 421 1.12 1.08 2.15 0.60
TABLE I: Parameters for our DNS runs R1-R8: Nc
3 is the number of collocation points; T is the temperature; ρn/ρ is the
fraction of the normal component; B and B′ are the coefficients of the mutual friction; νn(νs) is the viscosity of the normal
fluid (superfluid); dt is the time step; fn(fs) is the fixed injected energy in the first two shells of the normal fluid (superfluid);
λn(λs) is the Taylor microscale of the normal-fluid (superfluid); Re
n
λ(Re
s
λ) is the Taylor-microscale Reynolds numbers for the
normal fluid (superfluid); T neddy(T
s
eddy) is the eddy-turn-over time for the normal fluid (superfluid); and ηn(ηs) is the dissipation
length scale for the normal fluid (superfluid); kmax is the maximal allowed magnitude of the wave vectors after the de-aliasing.
We force the majority component: in the runs R1− R6 we force the superfluid component; in the runs R7− R8 we force the
normal-fluid component.
HVBK turbulence (subscript 2D) have been obtained in
Ref. [17]: Q2D(γ) ∼ γ2, (P2D(γ) ∼ γ1), for γ  1 and
Q2D(γ) ∼ γ−2, (P2D(γ) ∼ γ−3) for γ  1. These ex-
ponents appear to be universal, insofar as they do not
depend on the parameters (like B and B′) in 3D- and
2D-HVBK superfluid turbulence; however, these expo-
nents depend on the dimension d.
In Fig. 1 (c) we display log-log plots of the PDF P (θ)
for all our DNS runs R1−R8 (Table I). These show that
P (θ) ∼ θ, for θ  1 and θ  θ∗; and P (θ) ∼ θ−4,
for θ  1 and θ  θ∗ (given the resolution of our study,
these scaling forms extend for slightly more than a decade
in θ). Furthermore, these power-law exponents do not
depend on parameters such as B and B′ and are, in this
sense, universal.
We now show that the power-law regimes (and the ex-
ponents that characterize them) in the plots of Fig. 1 can
be obtained by making reasonable assumptions about the
joint probability distribution function (JPDF) P(un, us),
from which we can obtain P (γ) as follows:
P (γ) =
∫ ∞
0
∫ ∞
0
dundusδ(γ − un
us
)P(un, us). (26)
For γ  1 and γ  1, one or the other fluid domi-
nates, so we expect that the normal-fluid and superfluid
velocities should be nearly uncorrelated (this is not true
if γ ' 1). Therefore, we can make the approximation
P(un, us) ∼ P (un)P (us) (we have checked this numeri-
cally), for γ  1 and γ  1 [P (un) and P (us) are the
PDFs of un and us, respectively], that yields
P (γ) ∼
∫ ∞
0
∫ ∞
0
dundusδ(γ − un
us
)P (un)P (us). (27)
We find that the components of the normal and su-
perfluid velocities have PDFs that are very close to
Gaussian ones in HVBK superfluid turbulence, like the
PDFs of components of the fluid velocity in classical-
fluid turbulence (see, e.g., Refs. [57, 58] and ref-
erences therein); therefore, in d spatial dimensions,
the magnitudes of these velocities should have the
Maxwellian PDFs P (un) ∼ Cnud−1n exp(−u
2
n
σ2n
) and
P (us) ∼ Csud−1s exp(−u
2
s
σ2s
), where Cn(Cs) and σn(σs) are,
respectively, the normalization constant and standard de-
viation for the velocity of the normal fluid (superfluid).
If we substitute these Maxwellian forms in Eq. (27) and
integrate over un and us we get
P (γ) =
CnCs
2
γd−1
( γ
2
σ2n
+ 1σ2s
)d
Γ(d), (28)
whence we obtain P (γ) ∼ γd−1, for γ  1, and P (γ) ∼
γ−d−1, for γ  1; these exponents are consistent with
the results we have given above, for 3D-HVBK superfluid
turbulence, and the results presented in Ref. [17], for 2D-
HVBK superfluid turbulence.
To obtain the scaling forms of the PDF P (θ) at small
and large values of θ (Fig. 1 (c)) we note that sin θ = w⊥un
(inset of Fig. 1 (c)), where w = un − us and w⊥ = un⊥ .
For θ  1, sin θ ∼ θ and un⊥ = an⊥tn; here, tn  1 and
an⊥ is the normal component of the acceleration of the
normal fluid. Clearly,
P (θ) =
∫ ∫
dundan⊥δ(θ −
an⊥tn
un
)P(un, an⊥), (29)
where P(un, an⊥) is the joint PDF of un and an⊥ . We
now make the approximation
P(un, an⊥) ∼ P (un)P (an⊥), (30)
which can be justified within the framework of the Kol-
mogorov theory of 1941 (K41) [1] as follows (our argu-
ments follow those in Ref. [59], which obtains the PDF
of the angle between the Eulerian velocity of a turbu-
lent fluid and the velocity of an inertial particle that
is advected by this fluid): K41 assumes that, in a ho-
mogeneous, isotropic, and statistically steady turbulent
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FIG. 1: (Color online) Log-Log plots (for runs R1−R8) of (a) the complementary cumulative probability distribution function
(Q(γ)) of (γ) = un
us
, the ratio of the normal fluid speed and the superfluid speed, for γ  1, where Q(γ) ∼ γ3, (b) and the
CPDF (Q(γ)), for γ  1, where Q(γ) ∼ γ−3, and (c) and the probability distribution function (PDF) P (θ) of the angle θ
between the normal-fluid velocity and the superfluid velocity; for θ  θ∗, P (θ) ∼ θ and for θ∗  θ  1, P (θ) ∼ θ−4.
flow, the only large-length-scale property that is of im-
portance at small length scales is , the rate of en-
ergy dissipation. Viscous dissipation becomes significant
at length scales smaller than the K41 dissipation scale
ηd = [ν
3/]1/4; at such scales the typical fluid acceler-
ation is a∗ = 3/4ν−1/4, whereas the dissipation-scale
velocity uηd = (ν)
1/4. In the large-Reynolds-number
limit, i.e., ν → 0, in a 3D turbulent fluid,  goes to a pos-
itive constant (the dissipative anomaly); therefore, a∗ is
much larger than typical accelerations because of large-
scale fluid motion; by contrast, uηd is much smaller than
large-scale velocities. In summary, the normal compo-
nent of the fluid acceleration can be large at small scales,
where it is determined, principally, by small-scale prop-
erties of the flow; in contrast, dominant fluid velocities
are determined by large-scale motions. The separation
of length scales in the K41 theory then suggests that,
to a good approximation, a∗ and uηd are statistically in-
dependent, so their JPDF can be approximated by the
product of their respective PDFs. This argument can
be applied, mutatis mutandis, to the normal fluid in 3D
HVBK turbulence to justify Eq. (30).
We have noted above that, in the HVBK model, P (un)
is very well approximated by the Maxwellian distribu-
tion P (un) = Cnu
d−1
n exp(
−u2n
2σ2 ); our numerical data are
consistent with P (an⊥) = B1a
d−2
n⊥ exp(−B2a2n⊥), where
Cn, B1, and B2 are constants (this PDF has a similar
form in classical-fluid turbulence [59]). If we use these
forms for P (un) and P (an⊥), along with Eqs. (29) and
(30), and then integrate over un, we get
P (θ) =
∫
dan⊥t
d
nCnB1
ad+1n⊥
θd+1
exp(−B2a2n⊥) exp(
−a2n⊥t2n
2θ2σ2
).
(31)
If we define the angular scale θ∗ = a∗tn√2σ and the dimen-
sionless variables X = θθ∗ and Y =
an⊥
a∗
, then Eq. (31)
becomes
P (θ) =
∫
dY tdnCnB1
Y d+1
θd+1
ad+2∗ exp(−B2Y 2a2∗)
× exp(−Y
2
X2
). (32)
We now consider the ranges (a) 0 ≤ θ  θ∗, X  1
and (b) θ∗  θ  1, 1  X. Case (a): the lead-
ing term of Eq. (32) is P (θ) ∼ ∫X
0
dY tdnCnB1
Y d+1
θd+1
,
which can be simplified to get P (θ) ∼ θd/3, i.e.,
P (θ) ∼ θ in d = 3 for 0  θ  θ∗. Case (b):
In this range exp −Y
2
X2 ≈ 1 so Eq. (32) yields P (θ) =
θ−(d+1)
∫
dY tdnCnB1
Y d+1
a∗
d+2
exp(−B2Y 2a2∗), whence we
get P (θ) ∼ θ−(d+1), i.e., P (θ) ∼ θ−4 in d = 3, in the
range θ∗  θ  1. The power laws in the ranges (a) and
(b) are consistent with our numerical results in Fig. 1.
In Figs. 2 (a) and (b) we present log-log plots of the
energy spectra
En(k) =
∑
k−1/2<k′<k+1/2
un(k
′) · un(−k′)
Es(k) =
∑
k−1/2<k′<k+1/2
us(k
′) · us(−k′) (33)
for the normal fluid and the superfluid, respectively,
for T = 1.30, T = 1.80, and T = 2.17; the black
lines indicate the Kolmogorov 1941 (K41) scaling form
∼ k−5/3; our results for these spectra are similar to those
in Ref. [43]. In Figs. 2 (c) and (d) we present log-log plots
of the energy-flux spectra
Πn =
〈∫ kmax
k
Tn(k′, t)dk′
〉
,
Πs =
〈∫ kmax
k
Ts(k′, t)dk′
〉
, (34)
for the normal fluid and the superfluid, respectively; the
constant-energy-flux parts of these plots indicate the ex-
tents of the inertial ranges in our DNSs for T = 1.30,
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FIG. 2: (Color online) Log-Log plots (for T = 1.30, red lines, T = 1.80 magenta lines, and T = 2.17 blue lines) versus the
wavenumber k of (a) the energy spectrum En(k), for the normal fluid, (b) the energy spectrum Es(k), for the superfluid [the black
lines indicate the Kolmogorov 1941 (K41) scaling form ∼ k−5/3], (c) the energy flux (Πn)(k), for the normal fluid, (d) the energy
flux (Πs)(k), for the superfluid, (e) the absolute value of the real component of the mutual-friction transfer (|Re(ρsfmf · un)|),
for the normal fluid, and (f) the absolute value of the real component of the mutual-friction transfer (|Re(ρnfmf · us)|), for the
superfluid.
T = 1.80, and T = 2.17. Here, Tn(k′, t) and Ts(k′, t)
are energy-transfer terms in Fourier space because of the
triadic interactions in the normal fluid and superfluid,
respectively. The parameters for these runs are given
in Table I; we have taken the dependence of B, B′, and
ρn/ρs on the temperature T from the measurements of
Ref. [47] on superfluid 4He; therefore, our results are ap-
plicable to measurements of the statistical properties of
superfluid turbulence in this system. In Figs. 2 (e) and
(f) we present log-log plots of the absolute values of the
real part of the mutual-friction transfer terms
Mn(k, t) =
∑
k−1/2<k′<k+1/2
ρsfmf(k
′) · un(−k′),
Ms(k, t) =
∑
k−1/2<k′<k+1/2
ρnfmf(k
′) · un(−k′),(35)
for the normal-fluid and superfluid components, respec-
tively. We observe that, if we increase the temperature,
the mutual-friction transfer for the superfluid increases.
The longitudinal velocity structure function are
Sαp (l) =
〈∣∣∣(uα(r+ l)− uα(r)) · lˆ∣∣∣p〉 ; (36)
here, α = n or s, for the normal fluid and superfluid, re-
spectively. In the inertial range ηd  l L, Sαp (l) ∼ lζ
α
p ;
we can use this scaling form to extract the exponents
ζαp from S
α
p (l). Furthermore, we can extend the scal-
ing range by using the extended-self-similarity (ESS)
method [57, 58, 60, 61] to calculate the exponent ratio
ζαp /ζ
α
3 from the inertial-range slopes of log-log plots of
Sαp (l) versus S
α
3 (l). In Figs. 3 (a) and (b) we plot, re-
spectively, the exponent ratios ζnp /ζ
n
3 and ζ
s
p/ζ
s
3 versus
the order p (p ≤ 6). Figures 3 (c), and (d) show the plots
of these exponent ratios versus the temperature T ; the
dashed lines give the K41 result for these exponent ratios;
in Table II we give the numerical values of these expo-
nents ratios (along with error bars, which we determine
by a local-slope analysis). From Figs. 3 (c) and (d), we
observe that ζnp /ζ
3
p , ζ
s
p/ζ
s
3 > p/3 for p = 1 to 2, and ζ
n
p /ζ
3
p ,
ζsp/ζ
s
3 < p/3 for p = 4 to 6; these are clear signatures of
intermittency in superfluid turbulence. Furthermore, we
observe that the values of the ratios ζnp /ζ
3
p and ζ
s
p/ζ
s
3 dif-
fer most from their K41 values in the temperature range
T = 1.7 to 1.9. We can characterize the intermittency
by the exponents (see, e.g., Ref. [58]) µnp = p/3 − ζn6 ;
µsp = p/3− ζs6, for p = 5 and 6, which measure the devia-
tion of the 5th− and 6th−order exponents from their K41
values. In Figs. 3 (e) and(f) we plot µnp, and µ
s
p, respec-
tively, for p = 5 (red lines) and p = 6 (blue lines). From
Figs. 3 (e), and (f) we observe that these deviations, and
hence the intermittency, are highest in the temperature
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FIG. 3: (Color online) Plots versus the order p of the longitudinal-structure-function exponent ratios (a) for the normal fluid
(ζnp/ζ
n
3 ) and (b) for the superfluid (ζ
s
p/ζ
s
3) for runs R1−R8; 1 ≤ p ≤ 6; and we use the extended-self-similarity (ESS) method.
Plots of these ratios versus the temperature T for (c) the normal fluid and (d) the superfluid and p = 1 (red lines), p = 2
(green lines), p = 3 (blue lines), p = 4 (yellow lines), p = 5 (pink lines), and p = 6 (cyan lines); the dashed lines show the K41
predictions. Plots versus T of the intermittency exponents (e) µnp = p/3 − ζnp/ζn3 , for the normal fluid, and (f) µsp = ζsp/ζs3 for
the superfluid, for p = 5 (red lines) and p = 6 (blue lines).
range T = 1.70 to T = 1.90. Intermittency in superfluid
turbulence has also been studied in Refs. [13, 39–43] ex-
perimentally and numerically, by shell-model and DNS
studies of 3D HVBK turbulence. As in classical-fluid
turbulence, we still lack an ab-initio theory of such inter-
mittency.
IV. CONCLUSIONS
We have used the generating-functional approach to
derive the von Ka´rma´n-Howarth relations [Eqs. (22)-(25)]
for the 3D HVBK model of superfluid turbulence; and
we have shown that the simple von Ka´rma´n-Howarth re-
lation, for classical-fluid turbulence, is replaced by four
relations here. In particular, we have included the ef-
fects of the mutual-friction term (if this term is neglected,
our general results reduce to those in Ref. [43]). Fur-
thermore, we have obtained power-law behaviors for the
PDFs P (γ) and P (θ) from our DNS results; we have then
shown how these power laws can be understood analyt-
ically, if we make reasonable decoupling approximations
for certain joint PDFs. The exponents of P (γ) for the 2D
HVBK case, which have been calculated numerically in
Ref. [17], are in good agreement with our analytical pre-
dictions. These power-law exponents are universal in the
sense that they are independent of the mutual-friction co-
efficients B and B′ and the temperature T ; it should be
possible to measure them in experiments, such as those
conducted in Refs. [13, 39, 40] for superfluid 4He.
From our DNSs we have obtained energy, energy-flux,
and mutual-friction-function spectra. the longitudinal-
structure-function exponents for the normal fluid and the
superfluid, as a function of the temperature T . We have
calculated the ratios of structure-function exponents for
the normal fluid and the superfluid, via the ESS method,
as a function of T , by using the experimentally deter-
mined mutual-friction coefficients for superfluid Helium
4He [5]. We have shown that there is an enhancement
of intermittency for the normal fluid and the superfluid
in the range 1.7 ≤ T ≤ 1.90; our results should be ap-
plicable to, and verifiable in, experiments like those of
Refs. [13, 39, 40]; they are also similar to the intermit-
tency results in the DNSs of Ref. [43].
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Run ζn1 /ζ
n
3 ζ
n
2 /ζ
n
3 ζ
n
4 /ζ
n
3 ζ
n
5 /ζ
n
3 ζ
n
6 /ζ
n
3 ζ
s
1/ζ
s
3 ζ
s
2/ζ
s
3 ζ
s
4/ζ
s
3 ζ
s
5/ζ
s
3 ζ
s
6/ζ
s
3
R1 0.36± 0.00 0.70± 0.00 1.27± 0.00 1.52± 0.00 1.75± 0.01 0.36± 0.00 0.70± 0.00 1.27± 0.00 1.52± 0.01 1.75± 0.01
R2 0.37± 0.00 0.70± 0.00 1.27± 0.00 1.52± 0.01 1.75± 0.02 0.37± 0.00 0.70± 0.00 1.27± 0.00 1.52± 0.02 1.74± 0.03
R3 0.37± 0.00 0.70± 0.00 1.27± 0.01 1.52± 0.02 1.75± 0.04 0.37± 0.01 0.70± 0.01 1.27± 0.02 1.51± 0.04 1.73± 0.07
R4 0.37± 0.00 0.71± 0.00 1.26± 0.01 1.48± 0.01 1.68± 0.02 0.37± 0.00 0.70± 0.00 1.26± 0.01 1.49± 0.01 1.69± 0.02
R5 0.37± 0.00 0.70± 0.00 1.27± 0.01 1.51± 0.01 1.73± 0.02 0.37± 0.00 0.70± 0.01 1.27± 0.00 1.52± 0.01 1.74± 0.02
R6 0.37± 0.01 0.70± 0.01 1.26± 0.01 1.50± 0.03 1.70± 0.05 0.37± 0.00 0.70± 0.01 1.27± 0.01 1.50± 0.03 1.71± 0.05
R7 0.36± 0.00 0.69± 0.00 1.28± 0.00 1.54± 0.01 1.77± 0.01 0.36± 0.00 0.70± 0.00 1.27± 0.01 1.52± 0.02 1.74± 0.04
R8 0.36± 0.00 0.70± 0.00 1.28± 0.00 1.52± 0.01 1.75± 0.02 0.36± 0.00 0.70± 0.00 1.28± 0.00 1.53± 0.01 1.75± 0.02
TABLE II: The numerical values of the exponent ratios ζnp/ζ
n
3 and ζ
s
p/ζ
s
3, from all our DNSs R1−R8 and for 1 ≤ p ≤ 6, along
with error bars, which we determine by a local-slope analysis. To determine these exponent ratios we use the extended-self-
similarity (ESS) method (see text).
V. APPENDIX
We give below some details of our calculations for the structure-function hierarchy.
The pressure contribution, from the normal fluid, is:
ηn3Ip = ηn3
〈[
λn · 1
ρn
∇(∆pn)
]
Zn
〉
; (37)
ηn3Ip =
〈[
ηn2ηn3
1
ρn
(∇(∆pn))‖ + η2n3 1ρn (∇(∆pn))⊥
]
Zn
〉
. (38)
If we take the derivative ∂2ηn2∂ηn3 of Eq. (38) and the limits ηn2, ηn3 → 0, we get
lim
ηn2,ηn3→0
(
∂2ηn2∂ηn3
(
ηn3Ip
))
=
1
ρn
〈
∆un‖
(∇(∆pn))‖〉. (39)
By applying the derivative ∂3ηn3 on Eq. (38), and after taking the limits ηn2, ηn3 → 0, we get
lim
ηn3,ηn2→0
(
∂3ηn2
(
ηn3Ip
))
=
1
ρn
〈
∆un⊥
(∇(∆pn))⊥〉. (40)
The total pressure contribution to the third-order structure function for the normal fluid is
1
ρn
〈
∆un‖
(∇(∆pn))‖ + ∆un⊥(∇(∆pn))⊥〉 = 1ρn
〈
∆uni∇i∆pn
〉
; (41)
〈
∆un‖
(∇(∆pn))‖+∆un⊥(∇(∆pn))⊥〉 = 〈uni(x1)∇ipn(x1)−uni(x2)∇ipn(x1)−uni(x1)∇ipn(x2)+uni(x2)∇ipn(x2)〉.
(42)
In the RHSs of the above equations, we have contributions from the followng two types of terms: (1) terms at the
same point, and (2) terms at two different points. By using the homogeneity condition, we write
〈
uni(x1)∇ipn(x1)
〉
=
∇i
〈
uni(x1)pn(x1)
〉
. From the condition of (statistical) homogeneity, we get ∇i
〈
uni(x1)pn(x1)
〉
= 0. Simi-
larly, we get ∇i
〈
uni(x2)pn(x2)
〉
= 0. By using the incompressibility condition, we write
〈
uni(x1)∇ipn(x2)
〉
=
∇i(x1)
〈
uni(x1)pn(x2)
〉
= 0. We define r = x1 − x2 and this gives us ∇i(r) = ∇i(x1). If we apply the homo-
geneity condition and consider that
〈
uni(x1)pn(x2)
〉
= A(r) rir , then the physical solution of ∇i(x1)
(
A(r) rir
)
= 0 is
A(r) = 0. Thus,
〈
uni(x1)p(x2)
〉
= 0; similarly, we can get
〈
uni(x2)p(x1)
〉
= 0. Now Eq. (42) becomes
〈
∆un‖
(∇(∆pn))‖〉+〈∆un⊥(∇(∆pn))⊥〉 = 0. (43)
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The contribution from the perpendicular component in the above equation can be written as
〈
∆un⊥
(∇(∆pn))⊥〉 =〈
∆unθ
1
r
∂
∂θ∆pn
〉
. The term
(
∆unθ
1
r
∂
∂θ∆pn
)
changes its sign under the replacement θ → −θ, hence 〈∆unθ 1r ∂∂θ∆pn〉 = 0.
Furthermore, it implies that
〈
∆un‖
(∇(∆pn))‖〉 = 〈∆un⊥(∇(∆pn))⊥〉 = 0. Similarly, we can show that pressure
contribution from the superfluid components is also zero, i.e.,
〈
∆us‖
(∇(∆ps))‖〉 = 〈∆us⊥(∇(∆ps))⊥〉 = 0. Thus, the
pressure term does not contribute to the third-order structure functions.
The dissipation term for normal fluid is given as
Dn =
〈
νn
[
λn1 · ∇2x1un(x1) + λn2 · ∇2x2un(x2)
]
Zn
〉
. (44)
For convenience, we consider that λn1 = −λn2 and λs1 = −λs2; and for notational simplicity we consider λn1 = λn
and λs1 = λs. In terms of λn and λs the dissipation terms are
Dn =
〈
νn
[
λn · ∇2x1un(x1)− λn · ∇2x2un(x2)
]
Zn
〉
; (45)
Dn = νn
〈[
ηn2∇2x1un‖(x1)− ηn2∇2x2un‖(x2) + ηn3∇2x1un⊥(x1)− ηn3∇2x2un⊥(x2)
]
Zn
〉
. (46)
We note that〈
νn
(
∇2x1 +∇2x2
)
Zn
〉
= νn〈
[
ηn2∇2x1un‖(x1)− ηn2∇2x2un‖(x2) + ηn3∇2x1un⊥(x1)− ηn3∇2x2un⊥(x2)
]
Zn
〉
+
+ νn
〈
Zs
[
ηn2∇x1un‖(x1) + ηn3∇x1un⊥(x1)
]2
Zn
〉
+ νn
〈
Zs
[
ηn2∇x2un‖(x2) + ηn3∇x2un⊥(x2)
]2
Zn
〉
; (47)
by substituting the value of Dn in this equation, we get
〈
νn
(
∇2x1 +∇2x2
)
Zn
〉
= Dn + νn
〈[
η2n2
(
∇x1un‖(x1)
)2
+ η2n3
(
∇x1un⊥(x1)
)2
+ 2ηn2ηn3
(
∇x1un‖(x1)
)(
∇x1un⊥(x1)
)]
Zn
〉
+ νn
〈[
η2n2
(
∇x2un‖(x2)
)2
+ η2n3
(
∇x2un⊥(x2)
)2
+ 2ηn2ηn3
(
∇x2un‖(x2)
)(
∇x2un⊥(x2)
)]
Zn
〉
. (48)
On using νn
(
∇aun‖(a)
)2
= n‖(a) and νn
(
∇aun⊥(a)
)2
= n⊥(a), where a stands for x1 or x2, we get the following:
〈
νn
(
∇2x1 +∇2x2
)
Zn
〉
= Dn +
〈[
η2n2
(
n‖(x1) + n‖(x2)
)
+ η2n3
(
n⊥(x1) + n⊥(x2)
)]
Zn
〉
+ 2
〈
ηn2ηn3
[(
n‖(x1)n⊥(x1)
) 1
2
(
n‖(x2)n⊥(x2)
) 1
2
]
Zn
〉
. (49)
If we take the limit νn → 0 and set n‖(x1) + n‖(x2) = n‖ and n⊥(x1) + n⊥(x2) = n⊥ , in the above equation, we
get
0 =Dn +
〈[
η2n2n‖ + η
2
n3n⊥
]
Zn
〉
+ 2
〈
ηn2ηn3
[(
n‖(x1)n⊥(x1)
) 1
2
+
(
n‖(x2)n⊥(x2)
) 1
2
]
Zn
〉
; (50)
or
−Dn =
〈[
η2n2n‖ + η
2
n3n⊥ ]Zn
〉
+ 2
〈
ηn2ηn3
[(
n‖(x1)n⊥(x1)
) 1
2
+
(
n‖(x2)n⊥(x2)
) 1
2
]
Zn
〉
. (51)
Similarly, the dissipation term from the superfluid part is
−Ds =
〈[
η2s2s‖ + η
2
s3s⊥ ]Zs
〉
+ 2
〈
ηs2ηs3
[(
s‖(x1)s⊥(x1)
) 1
2
+
(
s‖(x2)s⊥(x2)
) 1
2
]
Zs
〉
. (52)
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